=tQi *‘@ Qt wO -x˝[k —=Q@ —v=DUQ˝@O *C=@F=

—mvQwB =[QO:tLt

w u=QyD x=oWv=O ’QDw˝Bt=m swra w —[=˝ Q xwQo

C=˝[=˝ Q w —Q˙v l˝ R˝i C=k˝kLD RmQt

E-mail: pournaki@vax.ipm.ac.ir

xO˝mJ

V˝=tv p@=k 4k + 1 pmW x@ *p:w= *O=Oa= Ovm—t u=˝@ xm =Q =tQi *‘@ Qt wO -x˝[k xr=kt u˝= QO *O=Oa= s=tD x˝[k u˝= R= xO=iDU= =@ u˝vJty ”OQm s˝y=wN C@=F OvDUy ‘@ Qt wO ‘wtHt CQwYx@ ”OW Ovy=wN —Ov@xOQ ‘@ Qt wO ‘wtHt CQwYx@ V˝=tv p@=k *—a˝@]

xtOkt 1

w 5 = 2^2 + 1^2 ’2 = 1^2 + 1^2 s˝vm—t xHwD ”s˝ Q˝o—t Q˙v QO =Q 13 w 11 ’7 ’5 ’3 ’2 *p:w= O=Oa= ’2 RHx@ s˝vm C:kO Qo = ”s˝U˝wv@ ‘@ Qt wO ‘wtHt CQwYx@ s˝v=wD—tv =Q 11 w 7 ’3 um˝rw ’13 = 3^2 + 2^2 ‘w[wt u˝= ”4k + 3 pmW x@ p:w= —O=Oa= 11 w 7 ’3 w OvW=@—t 4k + 1 pmW x@ —r:w= O=Oa= 13 w 5 OvDUy ‘@ Qt wO ‘wtHt CQwYx@ V˝=tv p@=k 4k + 1 pmW x@ *p:w= *O=Oa= s=tD w 2 ‘k=w QO w OW=@—tv —iO=YD p:w= ’?r=]t u˝= ”O=O V˝=tv ‘@ Qt wO ‘wtHt CQwYx@ u=wD—tv =Q 4k + 3 pmW x@ *p:w= *O=Oa= R= s=Om I˝y w xO=O TwDv=iw˝O ?=Dm R= w= —YNW -xNUv QO ’=tQi QwyWt —=x˝W=L —=yDW=OO=˝ u; R= Qo˝O —m˝ CQwYx@ Q=@ ”CU= xOW x¨=Q= ’OW QwyWt =tQi *‘@ Qt wO -x˝[k x@ xm xJv; —=Q@ —O:OaDt —=yC=@F= uwvm =D TB u; R= w Ow@ xOW 1990 p=U QO =:t= ’CU= u=DUQ˝@O K]U R= QDq=@ ,qwtat xm OwW—t xO=iDU= —@r=]t R= =yC=@F= u˝= *?re= QO `2´ *u=wvax@ȷ Ow@ xOW p˝mWD xrtH l˝ R= w= C=@F= ”OQm x¨=Q= x˝[k u˝= R= R˝ov=CioW —D=@F= `2´ QO Zagier =Q QwmPt X=wN u=wD—t —awvx@ ”OQm—t xO=iDU= uQ=kDt —=yxwQo QO 2 -x@DQt —=[a= X=wN R= w ’ıO˝vm x=ov ”u=DUQ˝@O u=@ R x@ `2´ -xr=kt p˝O@D RH CU˝v —R˝J ’O˝;—t Q˝ R QO xJv; ”OQm xtHQD —v=DUQ˝@O u=@ Rx@ ,qt=m

=tQi *‘@ Qt wO -x˝[k 2 u˝= —=Q@ ”s˝vm C@=F s˝OQm xQ=W= 1 VN@ QO xm —WwQ x@ =Q =tQi *‘@ Qt wO -x˝[k s˝y=wN—t VN@ u˝= QO ”s˝ Q=O R=˝v Q˝ R h˝ QaD x@ Qw˙vt f C@=F_-x]kv =Q x ∈ Ω ”x=wNrO —a@=D^1 f : Ω → Ω w OW=@ xawtHt l˝ Ω s˝vm ZQi ”h˝ QaD ”O˝t=v s˝y=wN f C@=FQ˝e_-x]kv =Q x CQwY u˝= Q˝e QO ”f(x) = x x=oQy s˝t=v—t

w f C@=F “=kv O=OaD u˝@ —Y=N —=yf —=Q@ ”OW=@ —y=vDt -xawtHt l˝ Ω s˝vm—t ZQi uwvm = ”Ovm—t XNWt =Q “=@DQ= u˝= Q˝ R —O˝rm sr ”CU= Q=QkQ@ l˝ORv —]=@DQ= ’|Ω| ’ Ω —=[a= O=OaD Iȷ f ∘ f = I xm C˝Y=N u˝= =@ —a@=D f : Ω → Ω w OW=@ —y=vDt -xawtHt l˝ Ω s˝vm ZQi ”1 sr CQwY u˝= QO ”ıCU= Ω —wQ —v=ty ‘@=D |Ω|^2≡ f C@=F “=kv O=OaD ”OW=@ OQi |Ω| Qo = “ki w Qo = CU= OQi f C@=F “=kv O=OaD XNq=@ %s˝vm—t h˝ QaD Q˝ R CQwYx@ Ω —wQ =Q ∼ -x]@=Q ”C=@F= a ∼ b ⇔ a = b =˝ a = f(b) ”a ∼ a =Pr w a = a ’a ∈ Ω Qy —=Q@ =Q˝ R CU= —@=DR=@ C˝Y=N —=Q=O ∼ ’a, b ∈ Ω Qy —=Q@ =Q˝ R OW=@—t —vQ=kD C˝Y=N —=Q=O ∼ u˝vJty a ∼ b ⇒ a = b =˝ a = f(b) ⇒ b = a =˝ b = f(a) ⇒ b ∼ a. ’a, b, c ∈ Ω Qy —=Q@ =Q˝ R OW=@—t R˝v —:OaDt C˝Y=N —=Q=O ∼ —iQ] R= a ∼ b, b ∼ c ⇒ (a = b =˝ a = f(b)), (b = c =˝ b = f(c)) ⇒ (a = b, b = c) =˝ (a = b, b = f(c)) =˝ (a = f(b), b = c) =˝ (a = f(b), b = f(c)) ⇒ a = c =˝ a = f(c) =˝ a = f(c) =˝ a = c ⇒ a = c =˝ a = f(c) ⇒ a ∼ c . ”� h˝ QaD -xvt=O =@ CU= —a@=D ’f : � ! � *‘@=D R= Qw˙vt xQ=wty xr=kt u˝= QO ˇ1

=@ CU= Q@=Q@ ’[a] ’ a ∈ Ω —RQ=sy Tqm ”OW=@—t Ω —wQ —RQ=sy -x]@=Q l˝ ∼ xH˝Dv QO [a] = {x ∈ Ω | x ∼ a} = {x ∈ Ω | x = a =˝ x = f(a)}

= {a} OW=@ f *C@=F -x]kv a Qo =

{a, f(a)} OW=@ f *C@=FQ˝e -x]kv a Qo = s=tD —RQ=sy —=yTqm —Dkw ”—w[awO =˝ w Ov=—w[a l˝ =˝ —RQ=sy -x]@=Q u˝= —RQ=sy —=yTqm TB f C@=F “=kv O=OaD x@ =yv; O=OaD w Ow@ Ovy=wN R˝=tDt —oty —w[a l˝ —=yTqm ’s˝vm x@U=Lt =Q Ω QY=va wO *—RQ=sy —=yTqm uDiQo Q˙v QO =@ —rw ’OvW=@v R˝=tDt —oty —w[a wO —=yTqm CU= umtt =:t= ’CU= %Ci=˝ s˝y=wN CUO Ω R= Q˝ R R=Qi= x@ R˝=tDt *—w[a Ω = [a_1] ∪ · · · ∪ [a_t]

—w[a l˝ —RQ=sy —=yTqm OvDUy f C@=F “=kv O=OaD x@ xm ∪ [a_{t+1}] ∪ · · · ∪ [a_s]. R˝=tDt —w[a wO —RQ=sy —=yTqm

=Pr w ’ |Ω| = f C@=F “=kv O=OaD + 2(s − t) =˝ |Ω| = 1 + · · · + 1

f C@=F “=kv O=OaD x@

+ 2 + · · · + 2

=D (s�t)

xH˝Dv QO

2 ”OW=@ OQi |Ω| Qo = “ki w Qo = CU= OQi f C@=F “=kv O=OaD XNq=@ ” |Ω|^2≡ f C@=F “=kv O=OaD

”s˝vm C@=F 1 sr R= xO=iDU= =@ =Q =tQi *‘@ Qt wO -x˝[k xm s˝=xO=t; uwvm =

=Q p CQwY u˝= QO ”p^4≡ 1 =˝ p = 2 xm —Qw] OW=@ p:w= —OOa p s˝vm ZQi ”=tQi *‘@ Qt wO -x˝[k ”s˝U˝wv@ ‘@ Qt wO ‘wtHt CQwYx@ s˝v=wD—t

—=Q@ =Pr w ’p^4≡ 1 s˝vm—t ZQi TB ”CU= C@=F smL =Pr w p = 1^2 + 1^2 x=ov; ’p = 2 Qo = ”C=@F= s˝yO—t Q=Qk ”p = 4k + 1 ’k —a˝@] OOa l˝

Ω = {(x, y, z) ∈ N^3 | x^2 + 4yz = p}.

=Q f ‘@=D uwvm = ”OW=@—t K[=w R˝v Ω uOw@ —y=vDt ”CU= —yD=v —=xawtHt Ω =Pr ’(1, 1, k) ∈ Ω uwJ %s˝vm—t h˝ QaD Q˝ R -x]@=[ =@ Ω —wQ

f(x, y, z) = (x + 2z, z , y − x − z) x < y − z Qo = (2y − x, y , x − y + z) y − z < x < 2y Qo = (x − 2y, x − y + z , y ) x > 2y Qo = ’(x, y, z) ∈ Ω Qy —=Q@ s˝vm—t xHwD (x + 2z)^2 + 4z(y − x − z) = p,

(2y − x)^2 + 4y(x − y + z) = p, (x − 2y)^2 + 4(x − y + z)y = p, ”CU= Ω x@ Ω R= —a@=D f —va˝ ”f(x, y, z) ∈ Ω =Pr w %OW=@ x=wNrO (x, y, z) ∈ Ω s˝ Q˝o Qw˙vt u˝= —=Q@ ”f ∘ f = I s˝vm—t C@=F p=L x < y − z pw= Cr=L =Pr w X > 2Y xm s˝vm—t xHwD ”y − x − z = Z w z = Y ’x + 2z = X s˝yO—t Q=Qk f ∘ f(x, y, z) = f(f(x, y, z)) = f(x + 2z, z, y − x − z) = f(X, Y, Z) = (X − 2Y, X − Y + Z, Y ) = (x, y, z). y − z < x < 2y swO Cr=L =Pr w Y − Z < X < 2Y xm s˝vm—t xHwD ”x − y + z = Z w y = Y ’2y − x = X s˝yO—t Q=Qk f ∘ f(x, y, z) = f(f(x, y, z)) = f(2y − x, y, x − y + z) = f(X, Y, Z) = (2Y − X, Y, X − Y + Z) = (x, y, z). x > 2y swU Cr=L =Pr w X < Y − Z xm s˝vm—t xHwD ”y = Z w x − y + z = Y ’x − 2y = X s˝yO—t Q=Qk f ∘ f(x, y, z) = f(f(x, y, z)) = f(x − 2y, x − y + z, y) = f(X, Y, Z) = (X + 2Z, Z, Y − X − Z) = (x, y, z). ”f ∘ f = I =Pr w f ∘ f(x, y, z) = (x, y, z) ’(x, y, z) ∈ Ω Qy —=Q@ TB C@=F —=x]kv (x, y, z) ∈ Ω s˝ Q˝o Qw˙vt u˝= —=Q@ ’s˝ Qw; CUOx@ =Q f C@=F “=kv s˝y=wN—t uwvm = ”f(x, y, z) = (x, y, z) %OW=@ f R= x < y − z pw= Cr=L f(x, y, z) = (x, y, z) ⇒ (x + 2z, z, y − x − z) = (x, y, z) ⇒ x = y = z = 0 ”OwW—t QHvt Zk=vD x@ Cr=L u˝= =Pr w (x, y, z) ∉ Ω TB y − z < x < 2y swO Cr=L f(x, y, z) = (x, y, z) ⇒ (2y − x, y, x − y + z) = (x, y, z) ⇒ x = y w x = 1 xH˝Dv QO w x(x + 4z) = p TB x^2 + 4xz = p =˝ x^2 + 4yz = p =Pr (x, y, z) ∈ Ω uwJ CUOx@ f —=Q@ C@=F -x]kv l˝ “ki Cr=L u˝= QO =Pr w ’z =^p�^1_4 = k w x = y = 1 TB x + 4z = p ”(x, y, z) = (1, 1, k) %s˝ Qw;—t x > 2y swU Cr=L f(x, y, z) = (x, y, z) ⇒ (x − 2y, x − y + z, y) = (x, y, z) ⇒ x = y = z = 0 ”OwW—t QHvt Zk=vD x@ R˝v Cr=L u˝= =Pr w (x, y, z) ∉ Ω TB xm s˝=xOQm C@=F uwvm =D TB ”(1, 1, k) %OW=@—t C@=F -x]kv l˝ —=Q=O “ki w “ki f xH˝Dv QO C@=F “=kv O=OaD uwJ ”f ∘ f = I xm OQ=O =Q C˝Y=N u˝= f : Ω → Ω w —y=vDt CU= —=xawtHt Ω -x]@=[ =@ =Q g : Ω → Ω ‘@=D uwvm = ”Ow@ Oy=wN OQi R˝v |Ω| ’1 sr Q@=v@ =Pr OW=@—t ı1 Q@=Q@ȷ OQi f ,=OOHt TB CU= OQi |Ω| uwJ w g ∘ g = I xm CU= K[=w ”s˝vm—t h˝ QaD g(x, y, z) = (x, z, y) %CU= (a, b, c) ∈ Ω ,qFt ’C@=F -x]kv l˝ —=Q=O pk=q g TB ’Ow@ Oy=wN OQi g C@=F “=kv O=OaD 1 sr Q@=v@ TB (a, b, c) ∈ Ω =:t= ”b = c =Pr w (a, c, b) = (a, b, c) xm OyO—t xH˝Dv u˝= ”g(a, b, c) = (a, b, c)

2 ”Ow@ Oy=wN ‘@ Qt wO ‘wtHt CQwYx@ p =Pr w p = a^2 + (2b)^2 TB ’a^2 + 4b^2 = p =˝ a^2 + 4bc = p

‘@ Qt wO ‘wtHt CQwYx@ V˝=tv p@=k *—a˝@] * O=Oa= —Ov@xOQ 3

wO ‘wtHt CQwYx@ s˝v=wD—t =Q p x=ov; ’p^4≡ 1 =˝ p = 2 xm OW=@ p:w= —OOa p Qo = xm s˝O˝O p@k VN@ QO

w “ki p^*p_:w=^*O=Oa= u˝@ QO =Pr w OW=@—t CUQO R˝v ?r]t u˝= Tma s˝yO—t u=Wv uwvm = ”s˝U˝wv@ ‘@ Qt

”p^4≡ 1 =˝ p = 2 xm OvDUy ‘@ Qt wO ‘wtHt CQwYx@ V˝=tv p@=k —˝=yv; “ki

p = 2 CQwY u˝= QO ”s˝=xDWwv ‘@ Qt wO ‘wtHt CQwYx@ =Q u; xm OW=@ p:w= —OOa p s˝vm ZQi ”2 sr ”p^4≡ 1 =˝

w m^4≡ 0 =˝ 1 =˝ −1 =˝ 2 uwvm = ”p = m^2 + n^2 xm OvOwHwt n w m *—a˝@] O=Oa= ZQi Q@=v@ ”C=@F= p:w= p uwJ =:t= ”p = m^2 + n^{2 4}≡ 0 =˝ 1 =˝ 2 =Pr w n^{2 4}≡ 0 =˝ 1 ?˝DQD u˝ty x@ ”m^{2 4}≡ 0 =˝ 1 =Pr

2 ”p^4≡ 1 =˝ p = 2 xm OyO—t MQ Cr=L u˝= “ki =Pr ’CU=

%CU= R=˝v OQwt R˝v Q˝ R sr wO ‘@ Qt wO ‘wtHt CQwYx@ V˝=tv p@=k *—a˝@] *O=Oa= —Ov@xOQ —=Q@ u˝vJty

CQwY u˝= QO ”x^{2 p}≡ −1 xm OW=@ xDW=O =Q C˝Y=N u˝= x w OW=@ OQi p:w= OOa l˝ p s˝vm ZQi ”3 sr ”p^4≡ 1

s˝U˝wv@ s˝v=wD—t CU= OQi p uwJ ”x^p�^{1 p}≡ 1 =Pr w (x, p) = 1 ,=twRr TB x^{2 p}≡ −1 uwJ ”C=@F=

2 ”p^4≡ 1 TB ’Ow@ Oy=wN GwR^{p�1}_2^,=twRr =Pr w 1^p≡ x^{p�1} = (x^2)^{p�1}2^p≡ (−1)^{p�1}2

R˝v mn CQwY u˝= QO ”OvwW xDWwv ‘@ Qt wO ‘wtHt CQwYx@ Ovv=wD@ wO Qy n w m s˝vm ZQi ”4 sr ”OwW xDWwv u˝vJ Ov=wD—t

2 ”CU= K[=w (a^2 + b^2)(c^2 + d^2) = (ac + bd)^2 + (ad − bc)^2 O=LD= x@ xHwD =@ sr u˝= ”C=@F=

xDWwv ‘@ Qt wO ‘wtHt CQwYx@ Ovv=wD—t —a˝@] O=Oa= s=Om ,=k˝kO s˝vm u˝˝aD =D s˝DUy xO=t; uwvm = ”m^2 = m^2 + 0^2 %OwW xO=O V˝=tv u˝vJ Ov=wD—t m^2 ‘@ Qt Qy xm CU= —y˝O@ ,qw= ”OvwW p:w= pt=a I˝y n_0 u; QO xm ’n = m^2n_0 s˝U˝wv—t w OW=@ —a˝@] OOa l˝ n s˝vm—t ZQi =Pr R= xO=iDU= =@ ”OvDUy R˝=tDt p:w= O=Oa= p_t ’. . . ’p_1 u; QO xm n_0 = p_1 . . . p_t s˝U˝wv—t ”OQ=Ov —a@ Qt n = m^2p_1 . . . p_t x=ov; ’p_i^4≡ 1 =˝ p_i = 2 ’i Qy —=R=x@ ’Qo = xm s˝vm—t x˙Lqt 4 sr w =tQi *‘@ Qt wO -x˝[k ”OwW xDWwv ‘@ Qt wO ‘wtHt CQwY x@ Ov=wD—t xm s˝vm—t C@=F ”n = a^2 + b^2 %OwW xDWwv ‘@ Qt wO ‘wtHt CQwYx@ Ov=wD@ n s˝vm ZQi ’Tmar=@ ”p_i^4≡ 1 =˝ p_i = 2 ’i Qy —=R=x@ ’x=ov; ’OvR˝=tDt p:w= O=Oa= p_t ’. . . ’p_1 xm n = m^2p_1 . . . p_t s˝U˝wv@ Qo = ”ıhrN ZQiȷ p_i^4≡ 3 ’i l˝ —=Q@ s˝vm—t ZQi ”s˝vm—t pqODU= hrN u=yQ@ VwQ x@ Qw˙vt u˝= —=Q@ =Pr w (p_i, b) = 1 CQwY u˝= QO ’p_i ̸|b s˝vm ZQi ”a^2 + b^{2 pi}≡ 0 s˝ Q=O =Pr ’n = a^2 + b^2 uwJ s˝ Qw;—t CUOx@ a^2 + b^{2 pi}≡ 0 x@ xHwD =@ =Pr w yb^{pi}≡ 1 xH˝Dv QO ’xp_i + yb = 1 xm OvOwHwt y w x QHvt Zk=vD x@ p_i ̸|b TB ”CU= Zk=vD u˝= w p_i^4≡ 1 xm OyO—t xH˝Dv 3 sr uwvm = ”(ya)^{2 pi}≡ −1 =Pr w p_i|a ?˝DQD u˝ty x@ ”p_i | b =Pr w OwW—t

p^2_i |a^2 + b^2 = n = m^2p_1 . . . p_t.

u˝=Q@=v@ ”p_i|m TB ’p_i|m^2 s˝W=@ xDW=O O˝=@ ’OvDUy R˝=tDt p:w= O=Oa= p_t ’. . . ’p_2 ’p_1 uwJ ( a p_i )_2 + ( b p_i )_2 = ( m p_i )_2

p_1 . . . p_t.

Qo = ”n/p^2_i = w^2p_1 . . . p_t w CU= ‘@ Qt wO ‘wtHt n/p^2_i xm s˝v˝@—t s˝ Q=Po@ n/p^2_i ’n —=Hx@ x=oQy Q=QmD =@ ”s˝vm hPL =Q w R= p_i Qo˝O pt=a s˝v=wD—t ’s˝vm Q=QmD n —=Hx@ n/p^2_i uO=O Q=Qk =@ =Q pqODU= u˝ty ’n_1 = c^2 + d^2 —va˝ ’CU= ‘@ Qt wO ‘wtHt n_1 xm s˝UQ—t n_1 Ovv=t —a˝@] OOa x@ s=Hv=QU ’Ov˝;Qi u˝= Q=mx@ =Q pqODU= u˝ty ’sy Qo˝O Q=@m˝ Qo = CQwY u˝= QO =:t= ” p_i ̸|v xmv; “QW x@ ’n_1 = v^2p_1 . . . p_t ”p_i^4≡ 1 =˝ p_i = 2 ’i Qy —=Q@ ’—va˝ ”OW=@—t p]=@ hrN ZQi =Pr w s˝UQ—t p_i|v Zk=vD x@ ’s˝ Q@ %s˝=xOQm C@=F pt=m Qw]x@ =Q Q˝ R -x˝[k —va˝

—a@ Qt p:w= pt=a n_0 u; QO xm n = m^2n_0 s˝U˝wv—t w OW=@ —a˝@] OOa n s˝vm ZQi ”—Ov@xOQ -x˝[k

n_0 p:w= pt=wa xm OwW xDWwv ‘@ Qt wO ‘wtHt CQwYx@ Ov=wD—t n —Dkw “ki w “ki CQwY u˝= QO ”OQ=Ov ”OvW=@ p^4≡ 1 w p = 2 p:w= O=Oa= u=˝t QO “ki

888 xm s˝v˝@—t 3^4≢ 1 uwJ ”888 = 2^2(2 × 3 × 37) u˝=Q@=v@ ’888 = 2^3 × 3 × 37 ”1 p=Ft ”OwW xDWwv ‘@ Qt wO ‘wtHt CQwYx@ Ov=wD—tv

”332514 = (3 × 7)^2(2 × 13 × 29) u˝=Q@=v@ ’332514 = 2 × 3^2 × 7^2 × 13 × 29 ”2 p=Ft uwvm = ”OwW xDWwv ‘@ Qt wO ‘wtHt CQwY x@ Ov=wD—t 332514 xm s˝v˝@—t ’29^4≡ 1 w 13^4≡ 1 uwJ TB 29 = 2^2 + 5^2 w 13 = 2^2 + 3^2 uwJ %s˝yO s=Hv=,qta =Q C=@U=Lt w s˝vm xO=iDU= 4 sr R= s˝v=wD—t

13 × 29 = (2^2 + 3^2)(2^2 + 5^2) = (2 × 2 + 3 × 5)^2 + (2 × 5 − 2 × 3)^2 = 19^2 + 4^2 =Pr w 2 × 13 × 29 = (1^2 + 1^2)(19^2 + 4^2) = (1 × 19 + 1 × 4)^2 + (1 × 4 − 1 × 19)^2 = 23^2 + 15^2 xQNq=@

332514 = (3 × 7)^2(23^2 + 15^2) = (3 × 7 × 23)^2 + (3 × 7 × 15)^2 = 483^2 + 315^2.

‘H=Qt

[1] W. W. Adams, L. J. Goldstein, “Introduction to number theory”, Prentice-Hall, Inc, 1976.

[2] D. Zagier, A one-sentence proof that every prime p ≡ 1 (mod 4) is a sum of two squares, Amer. Math. Monthly 97 (1990), 144.